Abstract.-The Alverson and Carney (AC) model for estimating the instantaneous rate of natural mortality (M) was reformulated to include b and t 0 parameters. The revised Zhang and Megrey (ZM) model could be used for the estimation of M instead of the AC model since von Bertalanffy and allometric growth parameters are readily available for most exploited fish stocks. It was determined from the new formulation that the ratios of the age at maximum biomass (t mb ) to the maximum age (t max ) for pelagic and demersal species were significantly different from 0.38, the value originally proposed by Alverson and Carney. The ratios for these two ecological groups were 0.302 and 0.440, respectively, and were significantly different. We examined the sensitivity and bias in M from the new formulation relative to those from the AC model, which assumed that b ¼ 3.0 and t 0 ¼ 0. Estimates of M from the AC model are most sensitive to the assumption that growth starts at t 0 ¼ 0 when growth rates are high as well as to the b and t mb assumptions. The performance of the revised ZM model was evaluated by comparing calculated M values from the two models based on a paired-sample t-test. The results of the two statistical analyses showed that the ZM model produced values of M closer to published estimates than did the AC model. Thus, the ratio t mb /t max for specific ecological groups should be used rather than Alverson and Carney's constant 0.38. Analyses of exploited stock dynamics might be conducted using the possible range of M instead of the constant value. The range could be estimated from the ZM model using the mean ratio t mb /t max 6 SD to get the t mb for each subgroup or by explicit variance calculations.
The instantaneous rate of natural mortality (M) in exploited fish stocks is defined as the mortality created by all causes other than fishing. These include deaths from predation, cannibalism, disease, spawning stress, starvation, and senescence (Beverton and Holt 1957) .
The value of M is considered one of the two critical aspects of the dynamics of a single species, which, together with the relation between recruitment and adult stock, produces significant uncertainties in longterm stock assessment and the strategic advice given to managers using traditional approaches. The significance of the value of M for management advice (e.g., on target values of fishing mortality, F) is well known to stock assessment scientists (Clark 1999 ) but has received less attention from the general fishery research community. One reason for this is that the degree of uncertainty in the values of M currently being used is not always obvious. Many assessment techniques, such as virtual population assessments, require setting the value of M early in the analysis, and the values used by assessment groups often become institutionalized mainly from customary use. Another reason is that it is difficult to identify lines of research that offer good prospects for coming up with better estimates of M (Gulland 1983) . Therefore, at present, M is considered an important but poorly quantified parameter in most mathematical models of fish stock dynamics (Vetter 1988; Quinn and Deriso 1999) .
Direct measurements of M are often difficult to obtain. Consequently, there have been many attempts to identify quantities that can be directly or indirectly related to M and that are easier to estimate (Sparre et al. 1989) . Several attempts along these lines have been made to estimate M indirectly using reproduction indices (Rikhter and Efanov 1976; Gunderson and Dygert 1988; Gunderson 1997) or life history parameters (Alverson and Carney 1975; .
Both the instantaneous rate of natural mortality and the curvature of growth on age are fundamental population-dynamic measures of fish. Growth and mortality may be correlated in an empirically useful way, namely, fast-growing fish tend to have higher mortality rates. The von Bertalanffy curvature parameter, K, which describes the rate at which the maximum size is approached, is linked to the longevity of the fish Beverton 1992) , and longevity is related to mortality (Tanaka 1960; Holt 1965; Saville 1977; Hoenig 1983; Alagaraja 1984) . argued that M can simply be predicted with K, the former being roughly twice the latter, based on a review of the snapper (Lutjanidae) and grouper (Serranidae) literature. More recently, Jensen (1996) concluded that K alone was adequate for prediction. He proposed the formula M ¼ 1.60K based on the data for K and M on 175 different species provided by . As a rough generalization, a long-lived fish approaches its limiting size relatively slowly, whereas a short-lived fish grows rapidly. Thus, fish species with high K values usually have high M values, and vice versa. A slowly growing species cannot bear high natural mortality, because if it did, it would never reach maturity and would soon go extinct. Alverson and Carney (1975) assumed populations that had an exponential decay function describing their abundance through time and a von Bertalanffy growth schedule. They derived an empirical equation relating M to the maximum age and the growth parameter K. They solved the relationship between maximum age and critical age (the age at which the biomass of the cohort is maximum) using 63 reported stocks. However, they assumed that fish length was zero at age zero (i.e., eliminating the parameter t 0 ). Alverson and Carney (1975) stated that their empirical relationship would require future adjustments to accommodate negative values of t 0 . Alverson and Carney (1975) also assumed isometric growth, that is, that weight is proportional to the cube of length. Quinn and Deriso (1999) indicate that the cubic relationship does not usually fit actual data well, and they also explicitly caution that the Alverson and Carney approach has not been strictly reevaluated in terms of the allometric growth model.
In spite of the simplifying assumptions, the Alverson and Carney model is still widely used to estimate M, and most population dynamics textbooks introduce this model as one of the standard methods (Sparre et al. 1989; Zhang 1991; Quinn and Deriso 1999) . Moreover, a number of applied studies continue to rely on this model to estimate M (Efimov 1984; Megrey et al. 1990; Wakabayashi and Watanabe 1990; Quinn and Szarzi 1993; Zhang et al. 1998a; Wilderbuer and Zhang 1999) .
In this paper, we have three objectives: (1) to reformulate the Alverson and Carney empirical relationship for estimating M to include the b and t 0 parameters; (2) to examine the sensitivity and bias of M to the assumptions that b ¼ 3.0 and t 0 ¼ 0; and (3) to reexamine Alverson and Carney's use of a constant 0.38 in relating the maximum age to the critical age and test whether the 0.38 multiplier is generally applicable for ecologically different groups of fishes, since the more r-strategic pelagic species could have different life history characteristics from the more K-strategic demersal species.
Methods
Derivation of the reformulation.-The exponential decay curve of Baranov (1918) , which describes the decrease in abundance through time due to mortality, is given by
where N t is the abundance at time t, N 0 is the abundance at t ¼ 0, and M is the rate of natural mortality.
The growth of an animal, in length, can be represented by the von Bertalanffy model (von Bertalanffy 1938) ,
where L t is the mean length of the fish at age t, L ' is the mean asymptotic length (i.e., the length it would ultimately reach at an infinitely old age), K is the Brody growth rate per unit of time, and t 0 is the theoretical age at which the fish would have length zero if it had always grown as described by equation (2) . Theoretically, t 0 is rarely equal to zero, and it is usually less than zero (Quinn and Deriso 1999) . Fish growth can be expressed in terms of length or weight since the three dimensions making up a fish's body-length, width, and depth-all change over time. Under isometric assumptions, weight at age can be written as
where L t represents length and W t represents weight, both at age t. With fish, the isometric relationship typically does not hold (Quinn and Deriso 1999) , so equation (3) needs to be generalized to the allometric model, written as
which assumes that growth in weight is proportional to some power of length. Equations (2) and (4) can be combined to express growth in weight through time as follows:
where W t is the mean weight of the fish at age t and W ' is the mean asymptotic weight. Biomass at age t, B t , is obtained by multiplying equation (1) by equation (5),
The instantaneous change in biomass with respect to age t is the time derivative of equation (6), namely,
By setting equation (7) Alagaraja 1984) . Since the ratio of the critical age to the maximum age could be different from a constant 0.38 for different ecological groups (especially for pelagic versus demersal species), the constant for each specific ecological group i, C i, is defined. In this study, i represents either the pelagic group or the demersal group. Equation (8) (hereafter referred to as the Zhang and Megrey model, or ZM model) indicates that natural mortality M can be expressed as a function of the growth rate (K), the power parameter of the length Àweight relationship (b), the time the growth curve begins (t 0 ), and the critical age (t mb ). Equation (8) can be rearranged to provide an estimate of the time at which a cohort maximizes its weight and the animal has reached critical age, namely,
Equation (8) is an extension to the formulation of Alverson and Carney (1975;  hereafter referred to as the Alverson and Carney model, or AC model),
where Alverson and Carney assumed that the proportionality relating t mb to t max is constant for all species defined by t mb ¼ 0.38Át max .
The variance of M can be approximated from equation (8) using the delta method (Seber 1982) , as follows:
This requires evaluating the partial derivatives of equation (8) Sensitivity of estimates of M to b and t mb assumptions.-Estimates of M were calculated according to the AC and ZM models using values of t mb ranging from 5.0 to 20.0, b from 2.5 to 3.5, and t 0 from À3.0 to þ3.0. The percent difference in the estimates of M from the AC and ZM models was computed according to the formula
Two cases were considered. In the first, M values from the ZM and AC models were calculated as a function of b and t mb , with t 0 fixed at 3.0 for a fastgrowing (K ¼ 1.5) and a slow-growing (K ¼ 0.1) fish. In the second, M values from the ZM and AC models were calculated as a function of b and t 0 , with t mb fixed at 5.0 for a fast-growing and a slow-growing fish.
Data.-The data used to evaluate the relationships described earlier were based on a compilation of data extracted from the FishBase 98 database (Frose and Pauly 1998) , those summarized by Ault et al. (1998) and Ault et al. (2005) , and those from other data sources known to the authors (Table 1 ). In the following sections, estimated values of M AC and M ZM are compared with those reported in FishBase, which we refer to as the ''true'' values of M (M true ). Records from FishBase that contained all five values were extracted and screened by eliminating duplicate records. A total of 91 values of K, t 0 , M true , b, and maximum age (t max ) 622 were assembled. There were not many fish stocks that had all of the parameters required for the calculations necessary in this study. Multiple lengthÀweight conversion parameters and values of t max were available from FishBase for each species, so the values of b and t max reported in Table 1 represent the arithmetic average and the maximum value, respectively.
We consider data from FishBase suitable for our analysis since all of the life history parameters contained in FishBase are independent, that is, they were not estimated using rules of thumb or empirical models linking M to a predictor variable or variables such as those presented by . Indeed, Frose and Pauly (1998) explicitly point out that the data in FishBase are appropriate for deriving new empirical models.
We use data for the Australian gemfish to illustrate the utility of our new formulation. Detailed growth data on this species are shown in Table 1 . Data on the variances of K, t 0 , and b are from , and those for t max are from . Even though we had only one observation of t max for this example, we calculated a variance for this variable by assuming that its coefficient of variation was 10% and that its mean value was 16. We believe that this assumption is reasonable, as the maximum age of a fish should be known with great precision. Using the delta method, the variance of t mb was calculated as
Evaluation of the relationship of t mb to the maximum age for different ecological groups.-For the estimation of t mb , the data in Table 1 were disaggregated into two ecological subgroups defined as pelagic species (31 stocks) and demersal species (60 stocks) . Using the values of K, M true , b, and t 0 from Table 1 , t mb was estimated from equation (9) and then the ratio t mb /t max was calculated. Statistical tests on the mean ratios for the pelagic and demersal groups were performed to assess whether they were statistically different for the two groups as well as different from 0.38, the value proposed by Alverson and Carney. In technical terms, a two-tailed t-test was used to test the null hypotheses that
To evaluate the performance of the ZM model, M values calculated from equations (8) and (10) were compared with M true by means of a paired-sample ttest. A paired two-tailed t-test was used to test the null hypothesis that the difference between M AC or M ZM and M true was zero.
Results

Sensitivity of Estimates of M to b and t 0 Assumptions
A comparison of the results from estimating M from the AC and ZM models is shown in Figure 1 for demersal and pelagic species. In the AC model, b ¼ The AC model did not show any difference between pelagic and demersal species because the C i value did not differ between these ecological groups. However, the ZM model showed that demersal species, which generally grow slowly, have lower mortalities than faster-growing pelagic species. The response surfaces from both models have the same shape for both ecological groups. The ZM model scales differently in the response of M because different values of C i lead to different values of t mb . For demersal species, the AC model generally produces higher values of M than the ZM model over a broad range of b and t 0 , but for pelagic species, the AC model generally produces lower values of M.
Sensitivity of Estimates of M to b and t mb Assumptions
A comparison of the percent difference (calculated from equation 12) in estimates of M from the two models is shown in Figure 2 In most cases the ZM model produced higher values of M than the AC model. The percent differences were higher in the case of fast-growing fish (panels A, C). For example, when b and t mb varied and K and t 0 were fixed at 1.5 and 3, respectively, M ZM (5, 3.5 
, and %diff(10, 2.5) ¼ 7,522. The ZM model generally produced higher values of M than the AC model. In the fast-growing case (panel A), M ZM was more responsive to changes in b and mildly responsive to changes in t mb , resulting in large positive percent differences. In the slow-growing case (panel B), M ZM was responsive to both b and t mb , still being more responsive to changes in b and generating lower values of percent difference.
In the situation where b and t 0 varied and K and t mb were fixed (panels C, D), the AC model produced a simple plane with M AC ¼ 0.0249. Percent difference was very responsive to changes to t 0 , especially for positive values of t 0 . The response to b was minor at REVISED ALVERSON AND CARNEY MODEL Table 1 shows the sources used in the evaluation of the relationship of t mb to the maximum age. The value of the ratio t mb /t max relating the maximum age to the age at maximum biomass was 0.302 for pelagic species and 0.440 for demersal species, respectively ( Table 2 ). The mean ratios of both subgroups were significantly different from 0.38 (P , 0.05 for the pelagic subgroup; P , 0.01 for the demersal subgroup), although the pelagic subgroup had a higher sample variance than the demersal group. Moreover, the ratios between the two ecological groups showed a highly significant difference (P , 0.0001). Thus, the ratio for specific ecological groups should be used rather than Alverson and Carney's constant of 0.38. However, the overall grand mean (i.e., the mean obtained without splitting the data into two ecologically distinct groups) was 0.393, which is close to the 0.38 proposed by Alverson and Carney. Table 3 shows the results of statistical analyses comparing the M values calculated from the ZM model (equation 8) and the AC model (equation 10). These results show that the M values from the revised formula were not significantly different from those of the true values for pelagic species (P ¼ 0.594) and demersal species (P ¼ 0.570). However, the M values from the AC model were highly significantly different from the true M values in the demersal subgroup (P , 0.0001), although they were not significantly different from those of the true values for demersal species (P ¼ 0.335).
In the Australian gemfish example, we estimated the value of M from equation (8) as 0.171. The variance of M was then calculated from the data in Table 4 using equation (11); the calculated variance was 0.001187, and the 95% confidence interval was 0.171 6 0.068.
Discussion
Estimates of M are critically necessary for the management of commercial fisheries. Standard population dynamics techniques requiring values of M are yield-per-recruit analysis, spawning-biomass-per-recruit analysis, virtual population analysis, and methods based on precautionary approaches. It is well known that these methods are extremely sensitive to errors in M. Two M-based biological reference points that are widely used to manage exploited fisheries are derived from the analyses of yield per recruit and spawning biomass per recruit (National Research Council 1998). The value of M, or some fraction of it, has been used in some fisheries to determine the level of fishing mortality (F) that would constitute overfishing. The rational for this approach is that short-lived species with high values of M should be able to sustain higher F levels than long-lived species with low values of M. Indeed, many fish stocks that have sustained fisheries for long periods have sustained levels of F near M (Mace 1994) .
Unfortunately, M is difficult to estimate and it is not well known for most fish stocks. Since M is rarely estimated directly in fishery assessment models, estimates, guesses, or approximate values must be used in most stock assessment models. In a comprehensive examination of catch-at-age stock assessment models, Schnute and Richards (1995) found that natural mortality is extremely difficult to estimate from standard stock assessment data. Thus, it is introduced as an assumed and fixed value. Typically, F-the parameter managers are most interested in-is calculated by estimating total mortality (Z) and subtracting M (e.g., Ehrhardt and Ault 1992) . Thus, any bias in M is transferred directly into estimates of F. An underestimate of M leads to an overestimate of F, and conversely for an overestimate of M. Beverton and Holt (1959) and examined the utility of von Bertalanffy growth parameters in predicting M and found a positive correlation between K and M for some major fish species. Other researchers have also proposed methods for obtaining indirect estimates of M utilizing the FIGURE 2.-Percent differences in estimates of M from the ZM model and the AC model calculated from equation (12) . Shown are the percent differences as a function of b and t mb given t 0 ¼ 3 for (A) a fast-growing (K ¼ 1.5) and (B) a slow-growing fish (K ¼ 0.1) and those as a function of b and t 0 given t mb ¼ 5 for (C) a fast-growing and (D) a slow-growing fish. Alverson and Carney (1975) , who used maximum age and K; , who used the von Bertalanffy growth parameters (K, L ' ) and average annual temperature; Roff (1984) , who used those growth parameters and length at maturity; and Hoenig (1983) , who used longevity, which is really a recasting of the Alagaraja (1984) estimator. The use of fishery-independent data will be useful to evaluate M estimates for stocks in the unexploited phase or unexploited species. For example, the Ehrhardt and Ault (1992) estimator of the total mortality rate Z is really estimating M when the size frequency distribution is obtained by fishery-independent methods for an unexploited population. Usually, growth parameters are the best available information in population studies for most exploited and unexploited fish stocks (Gulland 1983; Zhang 1987) . Among the methods utilizing growth parameters, the AC model uses simple growth information, while others require additional information. The AC model is widely used nowadays mainly because of its minimal information requirements.
Estimates of M from the AC model are most sensitive to the assumption that growth starts at t 0 ¼ 0 when growth rates are high and to the b and t mb assumptions (Figures 1, 2) . It was generally true that the percent difference between the two methods increased as the value of b increased from 2.5 to 3.5 for fast-or slow-growing fishes when t 0 ¼ 3.0. Figures  1 and 2 can be used to gauge the expected bias in the AC model against a particular suite of parameter values.
Frequency histograms for the model parameters were examined to see how the parameters were distributed, and summary statistics were calculated (Tables 5, 6) . It can be seen that for all the species cataloged in this study t 0 is typically not zero but has a mean smaller than zero (À0.99) and values that range from À6.05 to þ2.04. Similarly, b has a mean of 3.03 and ranges from 2.57 to 3.68. Relative to the results from using Alverson and Carney's assumptions that t 0 ¼ 0 and b ¼ 3.0, we can see that for the ensemble average of the data the estimate of M from the AC model is 15.5% higher for a long-lived, slow-growing fish and 62.5% higher for a short-lived, fast-growing fish. Also, our statistical analyses showed that the M values calculated from the ZM model (equation 8) were not significantly different from the true values, while the M values for the demersal subgroup calculated from the AC model were significantly different from the true values taken from the literature (Table 3) . Therefore, the ZM model could be used instead of equation (10) for the estimation of M since von Bertalanffy and allometric growth data are readily available for most exploited fish stocks. Also, the values of t mb /t max for specific ecological groups could be used rather than the constant 0.38.
In our study, the constant relating the age at maximum biomass to the maximum age varied from 0.302 to 0.440, depending on the ecological subgroup. The variance of the constant for the pelagic subgroup was higher than that for the demersal group, revealing their higher variability (Table 2) . also suggested the need to consider the life history features of separate ecological subgroups when estimating M.
In particular, he suggested that the estimate of M for a schooling pelagic stock be calculated by multiplying the original value of M by 0.8. Greater attention should be paid to including estimates of M in assessment models (National Research Council 1998) . exploited stock dynamics can be more comprehensively analyzed by using a range of M values instead of a constant value. Many studies show that fishery models are sensitive to different choices for the value of M. Moreover, sensitivity is influenced not only by the values chosen for M but also by the interactions between M and the other parameters in the models (Gulland 1983; Vetter 1988) . A plausible range for M could be estimated from equation (8) using the mean ratio of t mb /t max 6 1 SD (from Table 2 ) multiplied by t max for each subgroup. A range for M could also be obtained by calculating the variance using equation (11), though evaluation of that equation requires knowing the variances of four parameters and the covariances of six combinations of four parameters. The variance and covariance of the two von Bertalanffy growth parameters and the allometric lengthÀweight parameter (K, t 0, and b) can be easily obtained from routine nonlinear regression fitting algorithms. However, care should be taken when calculating the variance of M using equation (11) since the delta method for approximating the variance of the function requires that the function be approximately linear (Rice 1995) .
The precision of our estimate of M is acceptable mainly because it is based on growth parameters estimated from lengthÀfrequency sampling data. As these data sets typically reflect large sample sizes, the parameters estimated from them tend to have low variances and high precision. This underlying precision is transferred to the precision in the estimate of M through the variance equation. The value of M from this analysis differs from the value included in Table 1 (M true ¼ 0.458), which came from a Bayesian stock assessment model . Variance estimates for M could be useful in a Bayesian analysis as a starting point for the description of prior distributions for M.
We realize that our estimate of the variance of M is an underestimate for two reasons. First, we assumed that all of the covariance terms in equation (11) were insignificant or zero. We know that this is not exactly the case and that departures from this assumption will add to the variance of M depending on the correlations between the model parameters. Second, our estimate does not include process error in estimating M. This could be particularly relevant, as it relates to the data taken from FishBase used in the analysis. Even with these caveats, we believe that we have shown the utility of our method of calculating variances for M, a feature not typically available from purely empirical approaches.
In summary, we have presented an extension of the original Alverson and Carney empirical estimate of natural mortality. Our new formulation (the ZM model) is less biased than the AC model and includes easily obtainable maximum age and von Bertalanffy and allometric growth parameters. We show that the relationship between the time a stock requires to maximize its biomass and its maximum age is dependent on the ecological group to which it belongs. We also present an easy way to calculate the variance of M using parameter variances usually obtainable from nonlinear regression computer algorithms.
